Abstract. A geometric progression of length k and integer ratio is a set of numbers of the form {a, ar, . . . , ar k−1 } for some positive real number a and integer r ≥ 2. For each integer k ≥ 3, a greedy algorithm is used to construct a strictly decreasing sequence (a i ) ∞ i=1 of positive real numbers with a 1 = 1 such that the set
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Abstract. A geometric progression of length k and integer ratio is a set of numbers of the form {a, ar, . . . , ar k−1 } for some positive real number a and integer r ≥ 2. For each integer k ≥ 3, a greedy algorithm is used to construct a strictly decreasing sequence (a i ) ∞ i=1 of positive real numbers with a 1 = 1 such that the set
contains no geometric progression of length k and integer ratio. Moreover, G (k) is a maximal subset of (0, 1] that contains no geometric progression of length k and integer ratio. It is also proved that there is a strictly increasing sequence (A i ) ∞ i=1 of positive integers with A 1 = 1 such that a i = 1/A i for all i = 1, 2, 3, . . ..
The set G (k) gives a new lower bound for the maximum cardinality of a subset of the set of integers {1, 2, . . . , n} that contains no geometric progression of length k and integer ratio.
Real and integral geometric progressions
Let R denote the real numbers. For t ∈ R, let R >t denote the set of all real numbers x > t. Let [x] denote the integer part of the real number x. For real numbers u < v, we define the intervals (u, v] = {x ∈ R : u < x ≤ v} and [u, v) = {x ∈ R : u ≤ x < v}.
Let X be a set of positive real numbers, and let u, v ∈ R >0 with u < v. The dilation of the set X by q ∈ R >0 is the set q * X = {qx : x ∈ X}.
The reciprocal of the set X is the set
For example, q * (u, v] = (qu, qv] and (1/v, 1/u] −1 = [u, v). If A = (a 0 , a 1 , . . . , a k−1 ) is a finite sequence of positive real numbers, then the dilation of the sequence A by q is the sequence q * A = (qa 0 , qa 1 , . . . , qa k−1 ) and the reciprocal of A is the sequence A −1 = (1/a 0 , 1/a 1 , . . . , 1/a k−1 ). Let N denote the set of positive integers, and let N ♯ = N \ {1} denote the set of all integers r > 1. Let k ∈ N and let r, a ∈ R >0 . A geometric progression of length k and ratio r with first term a is a sequence of the form (a, ar, ar 2 , . . . , ar k−1 ) = a * (1, r, r 2 , . . . , r k−1 ). This is an integer geometric progression of length k if ar j ∈ N for all j ∈ {0, 1, . . . , k− 1}. If (a, ar, ar 2 , . . . , ar k−1 ) is an integer geometric progression, then the ratio r must be a rational number. For example, (8, 12, 18, 27 ) is an integer geometric progression of length 4 with ratio 3/2.
Note that the dilation by a positive real number q of the geometric progression (a, ar, ar 2 , . . . , ar k−1 ) of length k, ratio r, and first term a is the geometric progression (qa, qar, qar 2 , . . . , qar k−1 ) of length k, ratio r, and first term qa. The reciprocal of the geometric progression (a, ar, ar 2 , . . . , ar k−1 ) is the geometric progression
of length k, ratio 1/r, and first term 1/a. The reverse of the sequence (a 1 , a 2 , . . . , a k−1 , a k ) is the sequence (a k , a k−1 , . . . , a 2 , a 1 ). The reverse of the reciprocal of the geometric progression (a, ar, ar 2 , . . . , ar k−1 ) is the geometric progression (b, br, br 2 , . . . , br k−1 ), where b = 1/ ar k−1 . Thus, a set G of real numbers contains no geometric progression of length k if and only if the dilation q * G contains no geometric progression of length k for every positive real number q. Moreover, if a set G contains no geometric progression of length k, then no subset of G contains a geometric progression of length k. It follows that if a set G contains no geometric progression of length k, then, for every positive real number q, the set (q * G) ∩ N is a set of positive integers that contains no geometric progression of length k. Similarly, if G contains no geometric progression of length k, then the set of G −1 ∩ N is a set of positive integers that contains no geometric progression of length k.
A geometric progression of length k with integer ratio is a geometric progression of length k with ratio r ∈ N ♯ . An integer geometric progression of length k with integer ratio is a geometric progression of the form (a, ar, ar 2 , . . . , ar k−1 ) with a ∈ N and r ∈ N ♯ . For positive integers k and n, let g k (n) denote the cardinality of the largest subset of the set {1, 2, 3, . . . , n} that contains no integer geometric progression of length k with integer ratio, and letĝ k (n) denote the cardinality of the largest subset of the set {1, 2, 3, . . . , n} that contains no integer geometric progression of length k with rational ratio.
We have g 1 (n) =ĝ 1 (n) = 0 for all n ∈ N, and g k (n) =ĝ k (n) = n if n < k. Moreover,ĝ 2 (n) = 1 for n ≥ 2. We compute g 2 (n) in the next section. In this paper we obtain new lower bounds for the function g k (n) for k ≥ 3.
For every integer k ≥ 3, there are four basic unsolved problems:
(1) Determine the cardinality and the structure of the maximal subsets of {1, 2, . . . , n} that contain no geometric progression of length k with integer ratio.
In particular, what is the maximum cardinality g k (n)? (2) Determine the cardinality and the structure of the maximal subsets of {1, 2, . . . , n} that contain no geometric progression of length k with rational ratio. What is the maximum cardinalityĝ k (n)? (3) Determine the density and structure of maximal infinite sets of positive integers that contain no geometric progression of length k with integer ratio. What is the least upper bound of the densities of such sets? Is this least upper bound achieved? (4) Determine the density and structure of maximal infinite sets of positive integers that contain no geometric progression of length k with rational ratio. What is the least upper bound of the densities of such sets? Is this least upper bound achieved? Very little is known about these problems. The literature consists mostly of lower bounds for the maximum cardinalities in Problems 1 and 2, and for the densities in Problems 3 and 4. In this paper we improve the lower bounds in Problem 1. Our method is to use a greedy algorithm to construct, for every integer k ≥ 3, a unique maximal subset of the unit interval (0, 1] that contains no geometric progression of length k with integer ratio, and to use the measure of this set to obtain new lower bounds for the finite sets considered in Problem 1.
The earliest discussion of sets with no k-term geometric progression is in a paper of Rankin [6] in 1960 that was concerned with sets of integers containing no k-term arithmetic progression.
Integral geometric progressions of length 2
We can quickly solve the problem of integer geometric progressions of length 2 with integer ratio. Every set {a, b} of positive real numbers with a < b is a geometric progression of length 2 with ratio r = b/a. In particular, every set {a, b} of positive integers with a < b is a geometric progression of length 2 with rational ratio r = b/a. The set {a, b} is an integer geometric progression of length 2 with integer ratio if and only if a, b ∈ N and a divides b. Thus, a set S of positive integers contains no 2-term geometric progression if and only if S is primitive in the sense that no element of S divides another element of S.
The following is a classical result in combinatorial number theory.
Theorem 1. Let g 2 (n) denote the cardinality of the largest primitive subset of {1, 2, . . . , n}, that is, the largest subset of {1, 2, . . . , n} that contains no integer geometric progression of length 2 with integer ratio. Then
Proof. For every positive integer n, the interval
The cardinality of this set is n+1 2 , and so g 2 (n) ≥ n+1 2 . Let S be any primitive subset of {1, 2, . . . , n}. Each element s ∈ S can be written uniquely in the form s = 2 k(s) a(s), where k(s) is a nonnegative integer and a(s) is an odd integer in {1, 2, . . . , n}. If a(s 1 ) = a(s 2 ) for integers s 1 , s 2 ∈ S with s 1 < s 2 , then s 1 divides s 2 . It follows that the cardinality of the primitive set S is at most the number of odd integers in {1, 2, . . . , n}, and so
. This completes the proof.
Good set, bad set
Let k be an integer, k ≥ 3. A k-good set is a set of positive real numbers that contains no geometric progression of length k with integer ratio. For example, the set
1 . Let G be a k-good subset of (0, 1], and let x ∈ (0, 1] \ G. The real number x is k-bad with respect to G if there exists an integer r ∈ N ♯ such that G ∪ {x} contains the k-term geometric progression (x, xr, xr 2 , . . . , xr k−1 ). Thus, if x is k-bad with respect to G, then the set G ∪ {x} is not k-good.
For example, the number 1/2 k is k-bad with respect to the k-good set G
The number 3/16 is 3-bad with respect to the 3-good set G
and so the set G
1 ∪{3/16} contains the 3-term geometric progression (3/16, 3/8, 3/4). Similarly, 1/10 is 3-bad with respect to G Note that if G is a k-good subset of (0, 1] and if x ∈ (0, 1] \ G is k-bad with respect to G, then x is also k-bad with respect to the good set G ∩ (x, 1], because x < r j x for all r ∈ N ♯ and j ∈ {1, . . . , k − 1}. The real number x ∈ (0, 1] \ G is k-good with respect to G if x is not k-bad with respect to G. Thus, x is k-good with respect to G if and only if, for every r ∈ N ♯ , there exists j ∈ {1, 2, . .
, it follows that x ∈ [0, 1) \ G is k-good with respect to G if and only if, for every integer r with 2
. For fixed k, we usually write "good" instead of "k-good" and "bad" instead of "k-bad."
Construction of a good set of real numbers
Fix the integer k ≥ 3. We shall use a greedy algorithm to construct a large good set contained in the interval (0, 1]. We begin with some simple observations about good and bad sets. Lemma 1. Let k ≥ 3, let 0 < a < 1, and let δ k (a) = a (k−1)/(k−2) .
(i) For every δ > 0, the interval (0, δ] is not good.
(ii) Every number in the interval (0, a 2 ] is good with respect to the interval (a, 1].
and so (0, δ] contains the k-term geometric progression {x, 2x, . . . , 2 k−1 x}. Thus, the interval (0, δ] is not good.
( 2) . Therefore,
(iv) This follows immediately from (iii).
be a strictly decreasing sequence of positive real numbers with a 1 ≤ 1 such that
is a good set. If x ∈ Bad(G n ), then there exists δ > 0 such that (x−δ, x] ⊆ Bad(G n ).
Proof. We have G n ⊆ (0, 1]. If x ∈ Bad(G n ), then there exists r ∈ N ♯ such that xr j ∈ G n for all j ∈ {1, . . . , k − 1}. It follows that, for each j ∈ {1, . . . , k − 1}, there exists i j ∈ {1, . . . , n} such that
and so yr j ∈ (a 2ij , a 2ij −1 ] ⊆ G n for all j ∈ {1, . . . , k − 1}. Thus, (x − δ, x] ⊆ Bad(G n ).
is a good set, and
If x ∈ (a 2n+1 /2, a 2n+1 ] is good with respect to G n , then there exists δ > 0 such that (x − δ, x] ∪ G n is good.
Proof. Let x ∈ (a 2n+1 /2, a 2n+1 ] be good with respect to G n . For each r ∈ N ♯ there exists j r ∈ {1, . . . , k − 1} such that xr jr / ∈ G n . Let r 0 be the smallest integer such that r 0 ≥ 2 and xr
, and there exists δ 0 > 0 such that
. If y ∈ (x − δ 0 , x] and r ≥ r 0 , then
and so yr k−1 / ∈ G n . For each integer r such that 2 ≤ r < r 0 , we have
and so there exists i r ∈ {1, . . . , n} such that
Equivalently, a 2ir +1 r jr < x ≤ a 2ir r jr . Choose 0 < δ 1 < x/2 such that a 2ir +1 r jr < x − δ 1 < x ≤ a 2ir r jr for all r ∈ N ♯ with r < r 0 . If y ∈ (x − δ 1 , x] and r < r 0 , then a 2ir +1 < (x − δ 1 )r jr < yr jr ≤ xr jr ≤ a 2ir
and so yr jr / ∈ G n . Let δ = min(δ 0 , δ 1 ). It follows that if y ∈ (x − δ, x], then y is good with respect to G n . This completes the proof. Theorem 2. Let k ≥ 3. There exists a unique strictly decreasing sequence (a i )
of positive real numbers with a 1 = 1 such that
Proof. We construct the sequence (a i )
and so (2 1−k , 1] is a good set. Therefore,
We observe that [2 1−k , 1] is not a good set because, with y = 2 1−k , we have {y, y2, . . . , y2
where
It follows from Lemmas 1 and 2 that 0 < δ k (a 2 ) ≤ a 3 < a 2 and a 3 / ∈ Bad(G 1 ). Let n ≥ 1, and assume that there is a unique strictly decreasing sequence (a i )
By Lemma 2, the number a 2n+1 is good with respect to G n . Let
] is good with respect to G n }.
Lemmas 1 and 3 imply that 0 < a 2n+2 < a 2n+1 , and that a 2n+2 ∈ Bad(G n+1 ). We define
This completes the induction.
be a strictly decreasing sequence of positive real numbers such that
If A 1 and A 2 are positive integers such that a 1 = 1/A 1 and a 2 = 1/A 2 , then there is a strictly increasing sequence (A i ) 2n i=1 of positive integers such that
Proof. The proof is by induction on i. Let 2 ≤ i ≤ n and assume that there are positive integers A 1 < · · · < A 2i−2 such that a j = 1/A j for j = 1, . . . , 2i − 2. We shall prove that there are positive integers A 2i−1 and A 2i such that a 2i−1 = 1/A 2i−1 and a 2i = 1/A 2i .
Consider the good number a 2i−1 . If h ∈ N and h ≥ (a 2i−2 − a 2i−1 ) −1 , then
and so there exists r h ∈ N ♯ such that, for all j ∈ {1, 2, . . . , k − 1},
Therefore, 2 ≤ r h < a 1 a 2i− 1 .
There are only finitely many choices for r h and j h . By the pigeonhole principle, there are integers r ∈ N ♯ and j ∈ {1, 2, . . . , k − 1} and there is a strictly increasing infinite sequence (h ℓ ) ℓ∈N of positive integers such that
By the induction hypothesis, there is a positive integer A 2h−2 such that a 2t−2 = 1/A 2t−2 . Letting ℓ → ∞, we obtain
with A 2i−1 = r j A 2t−2 . Next we consider the bad number a 2i . There exists r ∈ N ♯ such that a 2i r j ∈ G n for all j ∈ {1, 2, . .
and so there exists j h ∈ {1, 2, . . . , k − 1} such that
By the pigeonhole principle, there is an integer j ∈ {1, 2, . . . , k − 1} and there is a strictly increasing infinite sequence (h ℓ ) ℓ∈N of positive integers such that j h ℓ = j for all ℓ ∈ N. Because a 2i r j ∈ G n , there is a unique positive integer t ≤ i such that a 2i r j ∈ (a 2t , a 2t−1 ]. Because (a 2i + 1/h ℓ ) r j / ∈ G n , it follows that, for all ℓ ∈ N, we have
By the induction hypothesis, there is a positive integer A 2t−1 such that a 2t−1 = 1/A 2t−1 . Letting ℓ → ∞, we obtain
with A 2i = r j A 2t−1 . This completes the proof.
Theorem 4. Let (a i ) i∈N be a strictly decreasing infinite sequence of positive real numbers such that
If A 1 and A 2 are positive integers such that a 1 = 1/A 1 and a 2 = 1/A 2 , then there is a strictly increasing infinite sequence (A i ) i∈N of positive integers such that This completes the proof.
There exists a unique strictly increasing sequence A
of positive integers with A
is a k-good set and
.
Proof. The existence and uniqueness of the sequence A
follows immediately from Theorems 2 and 4.
Note that inf
We have already proved that A and so 2 k < 3 k−1 . Note that between two consecutive integral powers of 2 there is at most one integral power of 3.
1 . Therefore, 1/2 k is k-good with respect to G If there is an integral power of 3 between 2 k−1 and 2 k , and if ℓ is the positive integer such that
Inequality (3) is equivalent to 1 < 2 k /3 ℓ < 2. For positive integers k, the following are equivalent:
(i) There is an integral power of 3 between 2 k−1 and 2 k . (ii) The fractional part of k log 3 2 is less than log 3 2. (iii) k is in the set {[ℓ log 2 3] + 1 : ℓ = 1, 2, . . .}. Thus, the formula for A 
For r ≥ 4 we have
1 . With r = 2 we have
and and so {x2
1 . The remaining case is the ratio r = 3 and the geometric progression {x3
Thus, if there is no power of 3 between 2 k−1 and 2 k , then for all i ∈ {1, 2, . . . , k −1},
Suppose that there is a power of 3 between 2 k−1 and 2 k , and that ℓ is the unique positive integer that satisfies (3). We observe that k ≥ 4 because there is no power of 3 between 2 2 = 4 and 2 3 = 8, and that 2 ≤ ℓ ≤ k − 2 because 2
and so 2 3 Recall that, for positive integers k and n, the arithmetic function g k (n) denotes the cardinality of the largest subset of the set {1, 2, 3, . . . , n} that contains no integer geometric progression of length k with integer ratio. 
In particular,
Proof. For every positive integer h, the set
is a k-good subset of (0, 1]. For every positive integer n, the dilated set
is a disjoint union of intervals, and so
with |θ h | < h. Because the dilation of a k-good set is k-good, and a subset of a k-good set is k-good, it follows that (n * G 
